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The forced vibrations of a transverse isotropic hollow cylinder, loaded by an axisymmetric
harmonic force at the butt ends, are studied using the homogeneous solutions method.
A dispersion equation for the corresponding three-dimensional elastic problem is derived
that relates the wave number to the frequency of oscillations. This equation is solved by an
asymptotic method in the case of a thin wall and the possible waveforms of the tube are
found.
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1. INTRODUCTION

Three-dimensional dynamic problems for solid and hollow elastic cylinders have been
considered in earlier studies. Free vibrations of isotropic elastic solid cylinders were
investigated within three-dimensional linear theory in references [ 1, 2]. In reference [ 1] the
unknown displacements were sought in the form of series, each term of which satisfies the
governing equations of the motion. Numerical results of reference [1] are in excellent
agreement with experimental data in reference [3].

The natural frequencies and modes of free vibrations of solid cylinders with polygonal
cross-section were studied in reference [2] by the energy method. Different boundary
conditions on the butt ends were analyzed. The numerical results were presented for the
solid cylinders with square and hexagonal cross-sections; different values of the relation of
the cylinder length to diameter of the typical cross-section were considered. The results of
reference [2] can be used as the criterion of precision of the simplified beam theories.
Dynamics of the solid circular cylinder with different boundary conditions on the butt ends
was considered in reference [4]. The three-dimensional solutions given in reference [4]
elucidate the region of validity of Timoshenko’s shear deformation beam theory. Numerical
results of this paper are in excellent agreement with experimental data [3].

Numerical analysis of free vibrations of the finite-length solid and hollow isotropic elastic
cylinders with free butt ends is presented in reference [5]. The results were obtained using
the finite elements method within the three-dimensional linear theory of elasticity in the
lowest frequency region. For a hollow cylinder the frequencies of the free vibrations were
tabulated as functions of non-dimensional thickness and length. The results of reference [5]
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can be used for comparison with approximate analytic solutions for both thin and thick
shells.

In references [6, 7] the energy method was used for analysis of the frequencies and modes
of free vibrations of finite-length hollow elastic isotropic cylinders with curvilinear free
surfaces and arbitrary cross-section. The qualitative peculiarities of the natural frequencies
and modes of vibrations, governed by the shape and characteristic thickness of the
cylinder’s cross-section, were established. For instance, it was shown that for hollow
cylinders with sufficiently small wall thickness, the bending modes of vibrations are the
main ones in the lowest frequency region. Note that free vibrations of cylindrical elastic
isotropic thin shells with arbitrary cross-section and finite length were considered in
references [8-10] on the basis of the two-dimensional (applied) Kirchhoff-Love theory [11]
by the asymptotic method. It was shown, in particular, that the bending modes of
vibrations, the most pronounced in the lowest frequency region, have a spatially local
nature and are localized on the part of the shell’s surface, having relatively small stiffness.

In references [12-14] the forced axisymmetrical vibrations of isotropic elastic hollow
cylinders with free curvilinear surfaces were studied on the basis of linear dynamic
equations of three-dimensional theory of elasticity by the method of homogenous solutions.
It was shown that this method reveals the basic features of the three-dimensional elastic
problem for an isotropic shell and represents an effective tool for solving specific boundary
problems. It can be used also for the accuracy estimates of the applied (two-dimensional)
theories. However, the relation between three- and two-dimensional dynamic problems for
an anisotropic elastic shell is studied insufficiently. Particularly, the problem of the limit
transition from the three-dimensional problem to the two-dimensional one in the dynamic
theory of anisotropic elasticity is of special inrterest. Existing dynamic applied theories for
the anisotropic shells are based on different simplifying assumptions and need comparative
analysis of their accuracy. Such an analysis can be done only within a three-dimensional
approach that also permits the areas of applicability for each of these theories to be found.

2. THE DISPERSION EQUATION

Consider the axisymmetric dynamic problem of the theory of elasticity for the transverse
isotropic hollow cylinder. Introduce the cylindrical co-ordinate system r, ¢, z and suppose
that ry <r<r,.0< ¢ <2n, — [ <z <. The vibrations of the cylinder are described by
the following equations in terms of displacements [15]:

0%u 0%u
bll(Aoup — Up/pz) + aézp + (1 + b13)$62 + izup = 0,
0 (0 o2
(1 +b13)6£<;;+‘;”>+410u5+b33ag‘jwbzué:o. (1)

Here dimensionless variables are introduced (p,¢& u,,u:) = ro t(r,z,up,uy); mbyy =
2Go(1 — vyv,), mbyy =2GoEo(1 —v?), by, =b;; —2G,, E,=E 'E,, G,= GGy,
vy =Eq'vy, mb;3=2Gyv,(l +v)- dimensionless parameters; m=1—v —2v,v,,
Ao = 0%/0p* + (1/p)(8/0p)). 1t is assumed in equation (1) that the cylinder executes
harmonic vibrations and the factor exp (iwt) is omitted.

Suppose that the lateral surface of the cylinder is unloaded; that is,

O =Tz = 0, P = Pn (I’l = 1:2) (2)
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Arbitrary boundary conditions, changing in time with the frequency w can be adopted at
the butt ends. The solution of equations (1) and (2) is sought in the form

dm,

U, = ”(p)d—f’ ug = w(p)my(Q), A)

where the function m, () satisfies the equation

d?m,

d—éz - Mzml(é) =0. 4)

From equations (1)-(3) and accounting for equation (4) gives:

d
b11<A0u —uz> + (,UZ + ;Lz)u + (1 + b13)7w = 0,
p dp
of(du u 2 2 2 2
(1 +by3)u d7p+; + dow + agw =0, ag = byzu* + 2%, (5)
d b
<b11_u+ﬁu+b13w> :0,
dp— p p=pa
d
<,u2u+—w> =0. (6)
dp p=pn

In equations (6) the relations of elasticity for transverse isotropic cylinder are used [ 15]. The
solution of equations (5) can be represented in the form

u(p) = (ag — o7) Zy (1 p) + (a5 — 03) Z;1 (02 p),
w(p) = — (bys + D)oty Zo(oty p) + 22 Zo(ot2p)] 1%, (7)

where Z, («p) = ¢;Ji(o0p) + ¢, Yi(2p) (k = 0,1), ¢y, ¢, are arbitrary constants, o, = ﬁ with
t, (n =1, 2) being the roots of equation

t2—2q,t+q,=0,

g1 = b1 [(b11b3s — b1y — 2by3)pu* + (byy + 1)A%], ()

ga = bt (@ +22)ad, o=+, se=a1—(—11Jq? —qs.

From the homogenous boundary conditions (equation (6)), the following dispersion
equation is given:

AW, 2 py1,p2) = 81 21y la1a,8125 + (ayhy — ayhy) {aygs[11Lyo(%2) + Iy Loy (22)] Ly (otq)
— axg1 [11Lyo(o1) + 12 Lo1 (1) Ly (22)}
— (azby — a1by)*(p1p2) ™" Lyg(oy) Lyg(o2)
+ a1a28182 [L10(%1) Lo1 (#2) + Lot (1) L1o(2)] — @387 Loo (o) L1 (2)

— a1g3Loo(2) Ly (o) =0, 9)
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a, = (o + bisuy), by = —2Go(ag — ay), g = o[ Bop® + b11(A* — 7)1,
ln(anpn)_la By =bhy1 b33 — b%s — bys, Lij(x) = Ji(xpl)Yj(xpz) - Jj(xPz)Yi(xPl),

i,j=0,1; n=1,2.

3. ASYMPTOTIC ANALYSIS OF THE DISPERSION EQUATION

The left side of equation (9) as an integer function of the parameter u has a limited set of
zeros with the accumulation point at infinity. Suggesting that the cylinder is thin walled, let
introduce
rz - Vl

pr=1—¢ py=1+¢ 2= (10)

T'o
and assume that e« 1. Substituting relations (10) into equation (9) gives
D(u, 2,6) = A, 4, p1,p2) = 0. (11)

In the case of 1 = O(1); ¢ = 0 there are three groups of the zeros of the function D (g, 4, ¢):
(a) two zeros iy ~ p, ~ O(1); (b) four zeros, having the order O (e~ ¥/?); (c) the finite set of
the zeros having the order O (¢ 1).

The proof for this statement follows from the following schema. Expanding the function
D(u, 4, ¢) in series with respect to the small parameter ¢ gives

D(u, A,€) = Ae*[boDo(pt, o) + (1/3) Dy (1, Ao) &3
4 (1/45)D5 (16, 70) &> + ... 1 =0, (12)
where
A=128(1 +v)>’m 1n 2Go(a? — a3)?adbo(bis + 1%, bo=1—v;v,, A2 =2(1 +v)i3,
Do(i, 20) = (Go — A5)Eo Gopt* + 25(Go — bo/5), Di(i, Ao) = (EoGo)* u°

4 2EoG3(23[bo + ErGi' — vi(1 + W] — 2(1 + W)(EoGo — 1) Go) i* + {9bo Eo G3
+2Go[2vi(1 +v) + vy + 4vi(1 4+ Go) + (V2 —3)Ey — 2(v + 3)EoGo 143
+ [4(1 + v)boEoGo(2 + bit') + (bo — vi — w1)?Gg ' 145} 1* + 9bo G A
+ 2bo[2(m — 2bo)Go + by *m? — 4m — 2by 144 + 2(1 + v)boGo '[2Go + 1 — v
—2vv,(1 + Go)14§, Da(sAo) = — 8(1 + )by '(E¢Go — vi) E§GEub.

The cases A3 = Gy, A3 = Goby ! and p =0 are singular ones and will be considered
separately. The value of y is sought from equation (12) in the form

e = fo + etir + 2 + - (k=1,2). (13)
This gives

Do(Ukos20) =0, 1 =0, [y = [6U~% - Go)boEoﬂk0]71D1(ﬂkoa Ao)- (14)
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Similar to the isotropic case [12], it can be shown that all other zeros of the function
D(u, /., ¢) tend to infinity when ¢ — 0. They can be subdivided into two groups depending on
their behaviour at ¢ — 0: (1) ey, — 0 when ¢ — 0; (2) e, — O(1) when ¢ — 0. In the same way
as in reference [12], it can be shown that the possibility of e, — oo with ¢ >0 is not
realized.

First, find quantities g, corresponding to case (1). Assume that the main term of the
asymptotic has the form

= Hyoe ?, Ho=0(1), 0<p<1 (15)

and substitute equation (15) into equation (12). Retaining only the main terms gives the
quantity H,, in the following limiting equation:

[EoGo(Gy — 23)Hiobo + O(e*#)]e™2F + (1/3)[EZGGHRo + O(e2F)] e~ 5F
+ O[max(e* 8 274/ = 0. (16)
Consider three cases for the quantity f:
0<p<05 p=05 05<f<l

When ¢ — 0, in the first and third cases from equation (16) it follows that H,, = 0. This
result contradicts the assumption in equation (15). In the second case, the equation (16) at
& — 0 gives

EoGoHio[3(Go — 43)bo + EoGoHio] = 0. (17)
Seeking in this case the quantity g, in the form
e =8 %% (theo + %5 ey + etr + ...)  (k=3,4,5,6), (18)
equation (12) gives
o = Hror 1 =0, iy = [20EoGo(Go — A3) o 1~ {[5ho(2Go — 1) + 10E;G1*
+2(4 — 5Go)vi(1 +v) —8(1 + V)EgGolig + Go[5 — 4(1 + v)EoG§ + 14v,(1 + v)G,
—10by Gy — 10E;GoG{ '] A% + 4(1 + v)(Eo Gy — v1)(5Go — 2)G§ ). (19)

As follows from equations (17) and (19), in the case 13 < G, four complex roots of equation
(12) exist whilst in the case 13 > G, two real and two purely imaginary roots exist. The latter
two roots govern solutions, propagating in the direction of the z-axis. To find the
asymptotic for the third group (c), when a countable set of zeros exists, the parameter g, is
represented in the form

=15, +01) (k=178,...). (20)

However, as noted in references [16, 17], the parameters ¢;, ¢, in equation (8) take
different values depending on the characteristics of material v, v, v,, Gy and the frequency
parameter A. This leads to different asymptotic expressions for Bessel’s functions in
equation (7). The case under consideration gives

g1 =q¥0t, qFf =bii'(by1bss — bis —2by3), 4> =4q30¢, q3 =Dbii'bss
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Consider the following possible cases for equation (8):

() qT >0, qikz—q; #0, oy = £50 034= £ 50,

12 =aE T JaP — gt @F > a%)

sia=k+in=/qf £i/q¥ — g (qF* <q3);
(B) ay,» =034 = poy, qf >0, qi“z—q3‘=0, p =47,

(v) gt <O, q>1k2—q>2k7é03 Oy, = F1510;, O34= 15,04

s =Vatl £ Jq? — gt @2 > %), s =gl iJqt — g (@ <)
(0)g* <0, QTZ —q5=0, 01,2 =034 = ipd,, p= V. lg].

For cases () and (f) after substitution of equation (20) into equation (9) and transformation
of the result with the use of asymptotic expansions of the functions Ji(x), Yi(x), gives,
respectively,

(52 — sy)sin[(sy + $2)0] £ (s, + s¢)sin[(s, — 51) 6] =0, (21)
ksin[2n0,] + nsinh[2k6,] =0, q¥F? < g%, (22)
sin[2pd, ] +2pd, =0, qF >0, ¢¥* —q3=0. (23)

For cases (y) and (J) similar formulae follow from the corresponding results of cases ()
and (f) by the formal replacement of sy, s,, p by isy, is,, ip respectively. Equations (21)—(23)
coincide with equations for characteristic factors of the Saint-Venant boundary effects in
the theory of transverse isotropic thick plates [16, 17]. In the same references the roots of
these equations were also investigated. Properties of these roots are very important for a full
description of the stress—strain state of the shell. As noted in reference [18], in the case of
essential anisotropy, corresponding to large values of G, the Saint-Venant boundary layer
damps weakly and the boundary layer solution represents, in fact, the penetrating solution.
As a result, the stress-strain state of the transverse isotropic and isotropic shells is
essentially different.

Note that if in equation (12) 1y ~ &?(g > 0) is assumed, then two roots u(k = 1,2) with
asymptotic behaviour y ~ &7 are given. Indeed, let

U = Meotls Jo=Ae1, B>0,q>0. (24)

Substitution of equation (24) into equation (12) makes it clear that the constructed
asymptotic process is consistent only in the case ¢ = 5. The value of , is sought in the form

Uk = ,ukogq + Uk 83q + -y /lo = A& (25)
Equations (25) and (12) give
o = +1A(EoGo)™ %, gy = £ 05viA*(EgGo)™ 2.

These roots correspond to the so-called super-low-frequency vibrations of the cylinder.
The possibility of the appearance of such vibrations in thin elastic shells has been
discussed in reference [19].
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Consider now the particular cases when (1) 15 = G, or (2) by ' G, (the case when p =0,
corresponding to the so-called thickness resonance of the hollow cylinder [14], needs
special consideration). In the case of (1) 1§ = G, in equation (12) and g, is found in the form

o= oz e (p = 1-6) 26)
Equations (26), and (12), accounting for the relation 1§ = G, yield
1o + 3viv2boEg 2 =0, w,; = — (BEoiy0) ' Golbo + vi(1 +v)
+ E;G7' —2(1 +v)EoGo].

Note that roots of the dispersion equation, following from equations (21)-(23), remain
valid in this case also. Thus, in the case 12 = G, six zeros of the function D(y, 4, €) are given
(two of them are purely imaginary), growing as ¢~ /* at ¢ —» 0, and the finite set of zeros,
defined by equations (21)-(23).

The relation between roots, defined by equation (26), and ones, is sought following from
equations (13) and (18). For such an aim it is necessary to study the behaviour of the zeros
of the function D(w,/,¢) in the neighbourhood of the value A3 = G,, assuming
2 — Gy = coe*(a > 0), i = woe . Keeping only the main terms in the expansion,

D(u, A e) = AL — EqGobocopioe® 2P + bo(1 — bo)G§ + bo(1 — 2by) Gocoe® + O(e%%)
+ (1/3) {E3Giupoe® % + 2E4G§[bo + vi(1 + v)
+ E Gy —2(1 + v EoGolugoe® ™ **
+ O[max (e~ 2F,e* 78]} = 0. (27)
As shown in analysis of equation (27), the following cases are possible:

DHa=2p, 0<a<?2/3; Qa=2p o=2/3
Ba=2—-4p, 12<a<?2/3; @ p=1/3, a>2/3

For case 1 the value of g is sought in the form
We = Hroe 2 + e+ - (0 <a<1/2),
e = ot 2+ e+ o (12 < < 2/3). (28)
Substituting equation (28) into equation (27) gives
tieo = Viv2Gol(coEo) ™Y ey = (1 — 2bo)2Eo o)™t (0 < o < 1)2),
tier = (1 = 2bo) (2Eoptio) " + viv3G5(6bopuo Ec3) ™" (x = 1/2),
U1 = VvivaGa(6botoEdcd) ™t (12 < a < 2/3).

It is seen that these roots, corresponding to similar ones, defined by equations (13) and (14),
grow when 13 — G,. Depending on the sign of the number ¢, they can be real or purely
imaginary. In case 2, from equations (27)

e = ot P+ e 4+ e, (29)



184 M. F. MEKHTIEV AND R. M. BERGMAN
where
tteo — 3bo(EoGo) ™' cottito + 3vivaboEo > = 0, piky = [2uk0(cobo — EoGoptido)] ™"
{cobo(1 —2bo)Eg ' + (2/3)G3[bo + vi(1 +v) + E{G1' —2(1 + v)EoGo] o }-
These relations give six roots, of which two correspond to the roots defined by
equations (13) and (14) while the four remaining ones correspond to the roots defined by
equation (18). These groups of zeros of the dispersion equation at ¢, — 0 coincide

completely with the zeros defined by equation (26).
For case 3

TR g P e il — 3¢obo(EoGo) Tt =0,
U1 = — V1V2G0(4COE0Hk0)_1' (30)

Substitution of A3 — G, = co&* into equation (17) leads to the form of equations (30) that
coincides with the one defined by equations (18) and (19). Finally, in case 4

Ui = Ukot

M= Hog” P+ et o + 3vivaboEg P =0, ey = cobo(2E¢Gopo) . (31)

At ¢y — 0 these zeros coincide with the ones defined by equation (26). Note that such
unusual behaviour of the roots of the dispersion equation in the isotropic case (13 — 1) has
been investigated in reference [14].

Analysis of the modes corresponding to the roots of the dispersion equation obtained
above shows that at 13 < G, the character of the integrals of the dynamic theory of
elasticity does not differ qualitatively from the static integrals of the theory of elasticity. On
the contrary, in the case 13 > G, there is an essential difference. Therefore, it is natural to
consider the value 4§ = G, as “the turning point”, corresponding to the change in the
character of the dynamic integrals of the theory of elasticity.

For the special case (2) A3 = by ' G, the zeros, defined by equation (13), vanish and the
ones defined by equations (18) and (19), take the form

/v‘?o - 3"% =0, w1 =0, wo= (1Ob0,uk0)71 {4"%(1 + V) (EoGo — vy)
+ 10(1 + v)bo(E¢ Gy — vl)GOE_1 — 5[by + ElGl_1 —vi(1 + v)]GOE(;l}.

Thus, in this case four growing zeros are obtained, two of them are purely imaginary.
Note that the zeros, described by equations (21)-(23), also remain valid in this case.

Consider the case when the frequency parameter A tends to infinity when & — 0. The
vibrations, corresponding to this case, following reference [19], can be called the
extra-high-frequency ones. It is possible to show that all zeros of the function D(u, 4, ¢) tend
to infinity when 4 - oo at e > 0.

Consider separately the following three limiting cases at ¢ — 0: (1) e > 0; (2) e > O(1);
(3) 1 > oo.

For case (1) assume that the main terms of the asymptotic for y, and 1, have the form

e = :uk087‘85 j'O = Agiq: Hio = 0(1)9 A= 0(1)5 0< ﬁ < 1: 0< q< L. (32)

It is simple to show that the asymptotic process is consistent in this case only if the
inequality g < f is true. Consider separately the cases: ¢ = f and ¢ < f5. For the case ¢ = f§
the w, value is sought in the form

e = ot " + e’ + - (0<f<1/2),
= ot + e+ o (12< B <), Ao=4e""  (33)
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Substituting these expansions into equation (12) gives
o = T iA(boEq ' Go )2, g = v3Q2umo) ™t (0 < <1/2), py = v3(240) ™"
+ (610 EoGo) ' A%yr (B=1/2), 1 = (6o EoGo) 'A*yy (12 < p <),
71 =Eg'h3(2 — Go ')+ 2E; Gy 'hg — 2vo(1 + v)by — 4(1 +v)bo(2 + b{)
— (1 —v; =W —v)PE G2 +2(1 —vH)Go P +4(1 +v)
—dvyv,(1+v)(1 + Ggh).

When g < f equations (32) and (12) give for w0 and A, keeping only the main terms
of expansions:

D(u, 2,8) = AL — EoGoA o + O(£*F 729 ] 720724
+ (1/3){E§ G5 pugo + O[max(e?~2£,¢2F~29)]} g2 7685 = 0.

It follows that g = 28 — 1. If ¢ > 0, then f > 1/2. Note that the case ¢ = 0, corresponding
to the value f = 1/2, was investigated above.
The values of u; and 1, are sought in the form

e = theot P+ w72+ 0 (12 < B < 2/3),
e = ot P4+ e+ 0 B3P <), do=AtT (34)

Substituting equation (34) into equation (12) gives

filo — 3boA*(EgGo) ™' =0,y = — (44%Go) "o (1/2 < p < 2/3),
iy = — (442Go) ™ ko — (20EoGopuo) ™ A%y2 (B =2/3),
i = — (20EoGopo) 'A%y, 2/3 < B < 1), y,=>5by(2Gy — 1) + 10E; G, G !
—10v; (1 +v)Go — 8(1 + v)(EoGo — vy).

Thus, in this case there are four zeros, growing as ¢ %, two of which are real and two
purely imaginary. Note that purely imaginary zeros correspond to the so-called irregular
degeneration [20].

Note that an additional case is possible also, when

w=¢e 16, +0@E "%, i=4F 0<B<1.
In this case, the first term of the asymptotics receives zeros determined by relations

(20)-(23).

So, in the cases A = A¢~# and Ae¢' ~2# correspondingly two and four zeros are obtained,
growing as ¢ #, and the countable set of zeros, growing as ¢~ *.

For case (2) the solution is sought in the form

we=¢ 10, +0(), A=se?, (35)
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Equation (35) is substituted into equation (12) and the result is transformed to account for
the asymptotic expansions of Bessel’s functions for large values of the argument. It leads to
the following equation for oy:

[hikrczsin(hyy) cos (har) — haxicqasin(hyy) cos (hyy)] [hixkaq cos (hyy) sin (hay)
— haiicyysin(hy) cos(ha)] = 0. (36)
Here h,, = /7tx, Where 1, are roots of the quadratic equation

by1t> — [(b11b3s — b1y — 2by3) 0% + (1 + byy)s* ]t + (67 + s?)(b336; +s°) =0
(37)

and x,,;(m,j = 1, 2;m # j) are determined according to the formula
Kmj = (b11b33 — bi3) (hy + 5707 + by1s* — (by1hj + 2b1307 + b330%)s>.

In the derivation of equation (36) it is assumed that the roots of equation (37) are
real and different. Note, that at a given value of A equation (36) defines a countable
set of roots d;. For the isotropic case this equation turns into the Rayleigh-Lamb
equation [13].

In case (3), denoting ¢y by x; and ¢4 by y, for the main term of the asymptotic equation
(36) is again obtained; i.e., this equation remains true also in the case A ~ ¢~ #, B > 1.

4. ASYMPTOTIC DERIVATION OF THE HOMOGENEOUS SOLUTIONS

Assuming that ¢ is the small parameter of the problem, the homogeneous solutions will be
sought, corresponding to different groups of the roots of the dispersion equation. The main
terms of the solutions, corresponding to the roots in equations (13)-(19) and in equations
(25)-(34), coincide with the well-known solutions of applied (two-dimensional) theory of
shells and are not presented here.

Consider first the case corresponding to the roots in equations (21)—(23). Using the
relation p = 1 4+ en*, — 1 < n* < 1 and expanding solutions into series with respect to the
small parameter ¢, roots are described by equation (21) (from here only amplitudes of the
displacements are presented; the stresses can be calculated according to the generalized
Hooke’s law):

Upr = 8bf1lbs3[(Bo - b11S%)COS(525k)COS(51 oxn*)

dmk

— (Bo — by153)c0s (51 6;) cos (5,0, 17*) + 0(8)](175

(k=1,3,5,...), (38)

ug, = Ok[s1(h33 + b1353)cos (s, ) sin(s; 6n*)
— 55(h33 + by357) cos(sy &) sin (s, 0, n*) + O(e)]my,
where 0, are roots of the equation

(52 —sy)sin[(s, + 51) 0] — (s2 + s¢) sin[(s, — 51)6,] = 0.
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Similarly, for the case in equatiion (22)
Up = e[(b33 + k% — n?) 4, cosh (kd,n*) cos (ndxn*)

dmk

+ 2xn sinh (K, n*) sin (§6,n*) 45 + O(e)] ac

(k=1,3,5,...) (39)

ug, = — (bsy + 1) 0y [oed sinh (1cdn™) cos (ndyn™*)

+ 14, cosh (kd,n*) sin (nden*) + O(e)]my,

where
Ay = —kn(by3 — 1) sinh(xd;) sin(n6,) + n*(by3 + 1) cosh(xd,) cos(7dy),
A, = (b33 — by3x? — n?)cosh(kd;) cos(36;) + xn(by5 + 1) sinh (15 ) sin (6.
Finally, for the case of equation (23) it follows that

b3 +2

up = ep[(pdysin(pdy) — cos (pdy)) cos(pdrn™)
bis+1
. dmy
— n*pdrcos(pdy) sin(pdn™) + O(¢)] a (k=1,3,5..), (40
. 1 .
g, = Ok [(pOrsin(pdy) — ———— cos(pdy)) sin(poyn*)

bis+1
+ 1% pdy.cos (pdy) cos (porn™®) + O(e)]my(C).

The expressions corresponding to the even values of k can be obtained from equations
(38)-(40) by replacing cosx by sinx, sinx by — cosx, coshx by sinhx and sinh x by
— cosh x respectively.

When Z¢ - O(1) with ¢ — 0, the displacements in a thin hollow cylinder, executing
extra-high-frequency vibrations, are described by the expressions

Upy = e[(b3307 + s* — hiy) (b33 07 + bysh3y, + s%) cos(hyy) cos (hy,n*)

d
— (b330 + 57— h30) (03307 + by3hTy + 57 cos(hae) cos(haun®) + 0(6)] g

Uge = (by3 + 107 [(b330% + bysh3i + s?)cos(hy)sin (hyn*)
— (b330% + byshiy + s?)cos(hyy) sin(hyn*) + O(e)]m(&) (k= 1,3,5,...), (41)
where J, are the roots of the equation
hixKsqsin(hyy)cos(hay) — haoysin(hayy) cos(hyy) = 0.

This equation follows from equation (37) taking into account the relation h, = /7.
Formulae, corresponding to the even values of k follow from equation (41) by replacing
cos x for sin x and sin x for — cosx respectively.

It is important to note that solutions, defined by equations (38)-(41), cannot be
determined from the applied theory of shells. The role of these solutions in the isotropic
theory of shells has been discussed in detail in reference [14].
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Similar to the isotropic case [14], it can be proved that for the transversely isotropic
cylinder the generalized orthogonality condition is true also:

P2
|ttt = opuirndp =0 G % b @)

P1

Note that this condition does not allow the boundary conditions at the butt ends to be
satisfied exactly. Apparently, in the general case only the method of reducing to the infinite
systems of algebraic linear equations can be suggested. Nevertheless, for some special cases
at the butt ends the generalized orthogonality condition permits to present the solution in
the form of a series whose coefficients can be defined exactly [14].

Furthermore, the condition in equation (42) can be useful for solving the infinite system of
equations because it always permits at least one of the boundary conditions at the butt end
to be satisfied exactly.

The process of reducing the boundary problem of the theory of elasticity to solving the
infinite algebraic system is well known and is not discussed here. In the present article, the
homogenous solutions are obtained that can satisfy the boundary conditions at the butt
ends of a cylinder. The case of non-homogenous boundary conditions at the lateral surface
of the cylinder can be studied by the methods developed in references [21, 22].

5. COMPARSION WITH SOME APPLIED THEORIES

The results of analysis of the dispersion equation (12) are compared here with the ones
obtained by the Kirchhoff~-Love and Ambartsumjan applied theories [23]. Note that the
transverse-isotropic shell described in reference [23] in the co-ordinate system z, ¢,r,
corresponds to the orthotropic one in the co-ordinate system r, ¢, z, used in the present
article.

The equations of motion in displacements for the axisymmetric case in the
Kirchhoff-Love theory have the form [23]

0%uo owo  hgrg 0%uq Ol D, 0%wo hgrg 0*wq
Gl ¢, Mo 1800 U, ~CTho P — 8o o y3
Cuge Tlugy =g gz G2y T\WE T G, oz P

Here ug = ug(&,t), wo = wo(,t) are displacements of the shell middle surface in the
longitudinal and transverse directions; correspondingly c¢;; = 2(1 4+ v)GoEyhbg !,
€22 = 2(1 +v)Gohbg ', ¢15 = 2vi(1 + v)Gohbo ', D1 = c11h?*/3, where h is the thickness of
the shell. The solution of equation (43) is in the form
uo = Ay exp(u¢ + iwt), wo = Byexp(ué + imt).

It leads to the following dispersion equation:

D (1, g, 8) = bo DG (1, 20) + (1/3) D (1, 20) &% = 0, (44)
where

DE)KV)(#JO) = Do (4, Z0)s D(lKr)(ﬂa lo) = E%G%lﬁ + boEoG0}v3#4 # D1 (1, Zo)-

For the sake of comparison the results of asymptotic analysis of the dispersion equation
(44) for some characteristic cases are presented. From equation (44) the following groups
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of zeros for the function D% (y, 10, ¢) can be obtained:
(1) e = po + e+ ... (k=1,2), DE(tiro, o) = Do(itko, Ao) = 0, (45)
fiez = [6bo EoGo (25 — Go)tiro]™ ' D" (1tx0, 40) # [6b0EoGo(45 — Go)itkol ™' D1(tikos 20);
(2) e = ot + W&+ -, Ao=A84 ¢>0, (46)
o = TIA(EeGo) ™12, yy = + viA3(1/2)(EoGo) ™2,
(3) te=¢" "o + etz + ), o + 3bo(Go — A3)(EoGo) ™! =0, (47)
tir = v325[4(Go — 28) o1 ™1

In the case of the Ambartsumjan theory the equations of motion in terms of
displacements for the axisymmetric case have the form [23]

. 0u0+c dwy  ghrg 8%u, . 0u0+c . Wrodp  ghrg 0®w,
Woez W P1256 = G, o2 ‘P T 12 0¢ G, o2’

Pwe Ko e k¥
_ —+—0=0 48
11 P B 11552 + B ) , (48)

where ¢ = ¢(¢, t) is the shear deformation function. The solution of equations (48) is sought
in the form

Uy = Asexp(pé +iwt), wo = Bexp(ué + imt), ¢ = Cyexp(ué + iwt)
that leads to the dispersion equation
D (u, Ao, ) = 4(1 +v)> by 2[boD(u, 4o) + DV (1, 4o) €2 ] = 0, 49)
where
D§(i, 20) = Do(t, 20), DY (1t, 20) = EoGo {(1/3) EoGon® — [(4/5)(1 + v)(Go — 45
—5bo A3 1u* — 5 (1 +v)A3(Go — bo 25) 17 }.

From equation (49) the following groups of zeros of the function D) (u,/iq,€) can be
reached

(1) e = o + 2> + -+ (k=1,2), D§(tro,240) = Do(itros 40) =0, (50)
Hi2 = [6(/1(2) - Go)boEoGoﬂko]_1D(1A>(ﬂk07)~o) # [6(/1(2) - Go)boEoGoﬂk0]_1 D (tkos Ao),
() = ot + et + -, Ao=Ae% g>0, wo= * Ai(EqGy)~ 3, (51)

iy = +iviA3(1/2)(EqGo) 32,
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() =" (o + etz + 1), wio + 3bo(Go — A5)(EoGo) ™' =0, (52)

tia = v325[4(Go — 23) o]t + 3(1 + v)(Go — 23)[SEoGopro] ™

Comparison of equations (45)—(47) and (50)-(52) with corresponding expansions (13), (25),
(18) from the three-dimensional theory show that the main terms of the expansions coincide,
while the subsequent terms differ essentially. Note that in the case of the super-low-
frequency vibrations the two first terms of the expansions coincide.

Numerical simulations were performed for hollow magnesium and cadmium cylinders
with v = 0-357, v{ = 0252, v, = 0:226, G, = 1:021 and v = 0-116, v; = 0-254, v, = 0-722,
Gy = 2-231 respectively [17]. The aim of the analysis was to compare the roots u of the
dispersion equations (12) (the three-dimensional theory), (44) (the Kirchhoff- Love theory)
and (49) (the Ambartsumjan theory) in order to estimate the relative accuracy of these
applied theories. The range of the reduced frequency parameter Zy(A% = 2(1 + v)A3)
variation was chosen taking for the following restrictions into account: 2, ~ O(1), A3 > G,
2% > Gob~'. This range corresponds to the case when the roots u;(k = 1,2) of equations
(12), (44), (49) are purely imaginary and have equal modulus, and between roots p, (k = 3-6)
with equal modulus are two purely imaginary and two real roots (note that purely
imaginary roots correspond to penetrating solutions of the equations of motion). The fact
that for transversally isotropic material the relation G = E/2(1 + v) is valid reference [15]
was taken into account.

25 10 . =]
9F e=01 A
=02 i | = __-a-—"’ff
20 0 P _,_,Fr——”"f"r_ 8 -
ES P £ 7F
elr E oL
o X A 4 2T ——_'I_‘ o
Tl S B £ 4F
i TR
-4 -
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/ 0 '[:IM = ; i &
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2 ¥
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08 g= 001 "-‘_,_._H—F""F"FF
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204} em——
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Figure 1. Precision of the applied Kirchhoff~-Love and Ambartsumjan theories. Error estimations for the
magnesium tube.
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To characterize the relative accuracy of the applied theories the following parameters
were introduced:

) (KR

A = (BT B 009, (k=1,2); 4% = M T 1000 (k = 3-6);
i i
) _ 4

A0 = BB 000 (k=1,2) 490 = M F 100% (k= 3-6).
My i

Here y (k = 1,2) and g, (k = 3-6) are the roots of equation (12), described by equations (13),
(14) and (18), (19) respectively; u{*”(k = 1,2) and uX"”(k = 3-6) are the roots of equation
(44), described by equations (45) and (47) respectively; ui® (k = 1,2) and uf® (k = 3-6) are
the roots of equation (49), described by equations (50) and (52) respectively. Hence, the
quantities A", A%" and 4", A5V characterize the relative error of calculation of the roots
of equation (12) on the basis of the Kirchhoff-Love and Ambartsumjan theories,
correspondingly.

Figure 1 are presents results of calculations for the magnesium tube with different values
of the non-dimensional wall-thickness parameter ¢. Similar data for cadmium tube are
presented in Figure 2.

It follows from Figure 1 that precision in determination of the first two roots (13) of
equation (12) for magnesium tube on the basis of the Kirchhoff-Love and Ambartsumjan
theories is practically identical while calculation of the four roots (18) of equation (12) on the
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Figure 2. Precision of the applied Kirchoff-Love and Ambartsumjan theories. Error estimations for the
cadmium tube.
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basis the Ambartsumjan theory gives a smaller error than that on the basis of the
Kirchhoff-Love theory. For the cadmium tubes (Figure 2) the same conclusion can be
drawn with respect to the first two roots (13) of equation (12) while the data for the four
roots (18) of equation (12) show that the Kirchhoff-Love theory is more exact. Figures 1 and
2 also show that for both materials the accuracy in determination of all six roots (13), (18) of
equation (12) on the basis of the theories mentioned above increases with decreasing
non-dimensional wall-thickness parameter e.

The roots of the dispersion equation (12), defined by equations (21)—~(23) and (36), cannot
be found within the Kirchhoff-Love and Ambartsumjan theories and they demonstrate the
qualitative difference between the theory of anisotropic and isotropic elastic shells. It is
necessary to stress that both the results of reference [14] and the above analysis indicate
that introducing of the correcting terms into equations of the classical two-dimensional
shell theory cannot help to describe certain important dynamic phenomena for thin shells.
Only an asymptotic analysis of the three-dimensional equations is able to describe them.

Note that in the partial case G, = 1 these results coincide with the results [12, 13], where
the corresponding isotropic case has been considered.

6. CONCLUSION

The solution of the dynamic problem for a transverse isotropic hollow cylinder, loaded by
axisymmetric harmonic loads at the butt ends and unloaded on the lateral surface, is given
on the basis of the dynamic theory of elasticity. The resulting dispersion equation was
studied by the asymptotic method and suggests that the cylinder is thin walled and the wall
thickness, related to the radius of the shell middle surface, represents the small parameter of
the problem.

The properties of the roots of the dispersion equation, characterizing the oscillation
patterns in different frequency regions, were investigated. On the basis of this analysis the
asymptotic representations of the equations integrals have been reached.

The asymptotic analysis made it possible to receive both solutions, corresponding to
applied (two-dimensional) theories of shells, and others, which cannot be obtained on the
basis of the latter. These solutions play an important role in describing of the stress—strain
state in dynamics of the thin-walled cylinder.

The cases where the stress—strain states for isotropic and transverse isotropic thin-walled
cylinders differ essentially, were established. It was shown that for certain relations between
elastic constants of the material and the frequency parameter, the properties of the integrals
of the equations of the dynamic theory of elasticity are changed.

The roots of the dispersion equation, within the three-dimensional theory, and others
taken from applied Kirchhoff-Love and Ambartsumjan theories, are compared both
analytically and numerically. It is shown that accuracy in approximate evaluation of the
roots of the exact dispersion equation within the Kirchhoff-Love and Ambartsumjan
theories, respectively, depends on the tube material.

Note that from the present study, there exists a certain group of roots of the
three-dimensional dispersion equation, which is governed by the essential anisotropy of the
material and cannot be included within both the classical Kirchhoff-Love and the
improved Ambartsumjan theories.
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APPENDIX A: NOMENCLATURE

Uy, U, displacements of the cylinder in the transverse and longitudinal directions

u,

) U non-dimensional displacements of the cylinder in the transverse and longitudinal
directions

Ii, T2 inner and outer radii of the hollow cylinder
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To radius of the tube middle surface, ro = (r; + r,)/2

& p non-dimensional axial and radial co-ordinates

015 P2 non-dimensional inner and outer radii of the hollow cylinder
w angular frequency

g density of material
G, Gy, v, vy, E, E, elastic constants

A2 frequency parameter, A> = grdw?G!

3 reduced frequency parameter, 13 = 22/2(1 + v)

Oy, Oz Tpz radial, longitudinal and shear components of the stress tensor

u the spectrum parameter

Ja (), Y, (x) Bessel’s functions of the first and second kind and order n

€ non-dimensional wall-thickness parameter, ¢ = (p; — p,)/2

t time

) half of the cylinder’s length

Uy, Vo displacements of the shell middle surface in the longitudinal and transverse
directions

h thickness of the shell

@& 1) the shear deformation function



	1. INTRODUCTION
	2. THE DISPERSION EQUATION
	3. ASYMPTOTIC ANALYSIS OF THE DISPERSION EQUATION
	4. ASYMPTOTIC DERIVATION OF THE HOMOGENEOUS SOLUTIONS
	5. COMPARSION WITH SOME APPLIED THEORIES
	Figure 1
	Figure 2

	6. CONCLUSION
	REFERENCES
	APPENDIX A: NOMENCLATURE

